The atomic structures of 124 single-walled carbon nanotubes, described by their diameter and helicity or equivalently by the two chiral indices ͑u , v͒ that define the perimeter of each nanotube, have been determined unambiguously by nanobeam electron diffraction. A mapping of 70 possible nanotubes in the range of 1.20-1.65 nm in diameter with all possible helicities has been constructed experimentally for a carbon nanotube sample produced by arc discharge. Among the total 124 nanotubes characterized experimentally, 58 nanotubes of different structure have been identified. By examining the histogram of occurring helicities, we find that, while certain nanotubes were observed slightly more often than others, the overall feature showed a rather uniform distribution in occurrence. Basing on a nucleation-and-growth model, we suggest that the uniform distribution of helicity be originated from the weak dependence on helicity of the formation energy of carbon nanotubes, while the growth prefers slightly the structure with helicity 15°-30°for which the addition of carbon dimers would facilitate the growth of carbon nanotubes.
I. INTRODUCTION
Carbon nanotubes are a promising material for various nanotechnological applications such as field-induced electron emitters, sensors, and components of molecular electronic circuits. The properties of a carbon nanotube depend on its atomic structure. A typical example is the electronic structure of a carbon nanotube-depending on its diameter and helicity, the carbon nanotube can be either metallic or semiconducting. 1, 2 In terms of the crystallographic indices ͑u , v͒, which define the perimeter vector C ជ h on graphene by C ជ h = ua ជ 1 + va ជ 2 ͑a ជ 1 and a ជ 2 are the crystallographic basis vectors of graphene with the amplitude of a 0 = 0.2461 nm and an interangle of 60°, u and v are integers͒, if u − v is divisible by 3, the nanotube is metallic and otherwise it is semiconducting unless the diameter is extremely small where all nanotubes appear metallic. 3 Of all possible carbon nanotube species, about two thirds are semiconducting and one third metallic.
A great deal of effort has been devoted to the determination of the ͑u , v͒ indices and their distribution ever since the discovery of carbon nanotubes. Several analytical techniques, including both global and local probe techniques such as Raman spectroscopy, 4, 5 optical absorption and luminescence, 6, 7 and scanning tunneling microscopy, 8, 9 have been applied to map the ͑u , v͒ indices. However, the effectiveness in assigning the ͑u , v͒ indices unambiguously by these techniques has been limited by their resolution. On the other hand, electron diffraction, in particular when a nanobeam electron probe is used, i.e., nanobeam electron diffraction ͑NBED͒, can now provide accurate measurement of both the helicity and diameter of carbon nanotubes. [10] [11] [12] [13] [14] [15] [16] [17] Comparing with other techniques, the NBED technique offers advantages in not only more accurate deduction of helicity and diameter for individual nanotubes but also that the individual nanotube can be imaged at the same time. With the determination of helicity and diameter of each individual carbon nanotube, the unique structure ͑u , v͒ can be assigned.
We have examined 124 individual single-walled carbon nanotubes ͑SWNTs͒ and obtained their diameter and helicity unambiguously using NBED from a sample produced by arc discharge. 18 Carbon nanotubes in this sample usually contain a large amount of impurities including metal particles, graphitic particles, and amorphous carbon. In addition, SWNTs usually aggregate to form raftlike bundles or ropes due to the van der Waals interactions between the tubule walls.
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II. THEORY
Due to the finite size of carbon nanotubes in the radial direction, the intensity distribution of the electron diffraction pattern from a SWNT deviates noticeably from that of graphene. The electron diffraction intensities elongate perpendicular to the tubule axis and form a set of diffraction layer lines. Kinematical theory of electron diffraction can be used to interpret the electron diffraction patterns of carbon nanotubes because of the low atomic number of carbon and the thin layers of the tubule. 20, 21 The scattering amplitude for a SWNT can be expressed as
where d is the diameter of the nanotube defined as d
, f is the atomic scattering amplitude of carbon for electrons, and c is the axial periodicity of the nanotube. The summation for j is done over all the composing helices for the nanotube with the relative atomic shifts of ͑d /2, j , z j ͒ in the cylindrical coordinates and for n and m over all integers as allowed by the selection rule l = nc / C + mc / ⌬ with C being the pitch length of the helices and ⌬ being the axial distance between neighboring carbon atoms along a helix. For a SWNT of chiral indices ͑u , v͒ with the perimeter length of C h and helicity of ␣, C = C h tan͑60°−␣͒ and ⌬ = a 0 sin͑60°−␣͒. With the axial periodicity derived as 
ͮ ͑5͒
The diffraction intensity distribution is then dictated by
From Eqs. ͑2͒-͑6͒, we can see that the intensity distribution on each layer line is modulated by Bessel functions of various orders, which account for the curvature of the cylindrical tubule and are dominated by a single Bessel function of the order determined by the selection rule. On the equatorial layer line where l = 0, the selection rule in Eq. ͑2͒ dictates that the dominating order of Bessel function is n =0, i.e., the intensity distribution on the equatorial layer line is modulated by ͉J 0 ͑dR͉͒ 2 , from which we can determine accurately the diameter d of a SWNT ͑u , v͒.
As regards to the scattering intensities on the nonequatorial layer lines, it is of special interest to examine the layer lines corresponding to the principal reflections of ͕100͖ * type, which bear the strongest intensities in the electron diffraction patterns of carbon nanotubes. The three principal layer lines, due to the ͕100͖-type reflections of the graphene structure ͑cf. Fig. 1͒ , lying above the equatorial layer line are referred to as L 1 , L 2 , and L 3 in descending order and their values are l 1 = ͑2u + v͒ / M, l 2 = ͑u +2v͒ / M, and l 3 = ͑u − v͒ / M, respectively. 13, 23 By reference to Eqs. ͑2͒ and ͑5͒, we can obtain that the orders of Bessel functions that dominate the intensity distributions on layer line l 1 , l 2 , and l 3 are n =−v, n = u, and n =−͑u + v͒, respectively. Therefore, the scattering intensities on the three principal layer lines L 1 , L 2 , and L 3 are
͑7c͒ Figure 1 shows the calculated electron diffraction pattern of carbon nanotube of chiral indices ͑14,10͒. The overlapped hexagons represent the primary graphene reflections and the angle ␣ is the helicity of the nanotube. On the other hand, it should be noted that Eqs. ͑7a͒-͑7c͒ also offer a precise and rapid method to determine the chiral indices of single-walled carbon nanotubes directly. Since the positions of the intensity peaks are unique to each order of the Bessel function, we can identify the order of the Bessel function that matches the diffraction intensities on these three principal layer lines. These chiral indices ͑u , v͒ can therefore be readily assigned unambiguously once the corresponding order of the Bessel function is determined from the experimental electron diffraction pattern.
III. EXPERIMENT
High-resolution NBED data were acquired from a transmission electron microscope equipped with a field-emission gun ͑JEM-2010F͒. To avoid radiation damage to the SWNT structure, 24 the microscope was operated at 80 kV and a parallel electron illumination with 20 nm beam size was obtained by utilizing a 10 m condenser aperture and exciting the first condenser lens to maximum. The NBED patterns of individual SWNTs were recorded on photographic films, which were later digitized using a high resolution film scanner. Figure 2͑a͒ shows a typical high-resolution transmission electron microscope ͑HRTEM͒ image of a SWNT, in which the dark lines correspond to the projection of the side walls of the nanotube and the chirality of the nanotube is usually not reflected. The corresponding NBED pattern, given in Fig.  2͑b͒ , consists of several layer lines due to the periodicity of the structure in the axial direction of the nanotube. The diameter of the nanotube, about 1.60 nm, can be measured directly from the image using the graphitic spacing ͑0.345 nm͒ as a scale bar.
However, more accurate measurement of the diameter can be obtained from the electron diffraction intensity distribution on the equatorial layer line as discussed in the above section. The diffraction intensity distribution on the equatorial layer line is modulated mainly by the module square of the zero-order Bessel function J 0 ͑X͒ ͑X = dR͒ as shown in the central layer line in Fig. 2͑b͒ . Figure 2͑c͒ shows the corresponding intensity profile of the equatorial layer line.
Measurement of the ratio of the two peak positions ͑the fifth maximum of the module square of zero-order Bessel function on each side͒ on the equatorial layer line in reciprocal space ͑the distance between them is 2R, indicated by dark arrows͒ was used to deduce the diameter d of the nanotube
where X 5 is the value at which ͉J 0 ͑X͉͒ 2 , the module square of the zero-order Bessel function, acquires its fifth maximum. The diameter d of this carbon nanotube measured from the equatorial layer line in its electron diffraction pattern is 1.60 nm. In our experiment, since the maximum error R in the measurement of the peak position R was 1%, the maximum error d of measuring the nanotube diameter d is also 1%
The overlapped intensity profile is the simulated intensity of the module square of the zero-order Bessel function using the nanotube diameter of 1.60 nm.
The helicity of the carbon nanotube can also be deduced accurately from its electron diffraction pattern by either measuring the relative twist angle 13 or the ratio of the layer line spacings. 16 Given the experimental limitations, using the ratio of layer line spacings would give rise to results of the highest accuracy. We measured 2D 1 , the distance between the top and the bottom layer lines, 2D 2 , the distance between the two middle layer lines, and 2D 3 , the distance between the layer lines next to the equatorial layer line, respectively, as indicated in Fig. 2͑b͒ . The helicity ␣ of this nanotube is calculated from the following equation:
͑9͒
The major error in the measurement of helicity comes from the errors in the measurement of the layer line spacings D 1 and D 2 . In the present measurement, 1 and 2 , the errors of measuring D 1 and D 2 , respectively, are all 0.009 nm −1 . The error in the deduction of the helicity is therefore
which would lead the maximum of error in the deduction of helicity to be 0.08°. The helicity of the nanotube shown in Fig. 2͑a͒ is therefore 24.50°± 0.08°, whose crystallographic indices are ͑14,10͒. It is a semiconducting nanotube. Figure 3͑a͒ shows a map of all carbon nanotubes of diameter from 0.5 to 3.0 nm, in which the metallic tubules are represented by solid circles and the semiconducting ones by triangles. There are 458 carbon nanotubes of different indices ͑u , v͒ within this range. The shaded area covers all nanotubes of diameter from 1.20 to 1.65 nm, within which the abovediscussed NBED technique can assign the ͑u , v͒ indices unambiguously with the accuracies of ±1% in diameter measurement and ±0.08°in helicity measurement. There are total 70 nanotube species falling within this range.
IV. RESULTS AND DISCUSSION
To avoid selective sampling, we chose randomly isolated SWNTs for acquiring NBED data. In experiment we have characterized a total of 124 individual carbon nanotubes with diameters in the range from 1.20 to 1.65 nm, as shown in Fig. 3͑b͒ . The average diameter of the observed carbon nanotubes is 1.38 nm, the same as the SWNTs produced by laser ablation. 25 Among the total 70 different nanotubes in this range, depicted in Fig. 3͑c͒ , the solid circles and triangles represent the metallic and semiconducting nanotubes, respectively. There are 25 metallic and 45 semiconducting nanotube species in this diameter range. It should be noted that the nanotubes are not evenly distributed, for instance, along the zigzag nanotube line ͑helicity is 0°͒, there are more nanotubes than at other helicities. Metallic nanotubes, with n − m evenly divisible by 3, intertwine with semiconducting nanotubes in the map.
For the 124 isolated SWNTs examined randomly ͑a complete list is given in Table I͒ , 58 nanotubes of different structure have been identified, covering more than 80% of all 70 configurations. The metallic and semiconducting nanotubes have a number ratio of 21/ 37, which is in accordance with the population ratio of 25/ 45. It shows that there is no preference of either metallic nanotubes or semiconducting nanotubes. However, some of the individuals were observed more often than others, for example, carbon nanotube ͑13,8͒, a semiconducting nanotube, was encountered five times.
Among the 70 possible nanotubes in the diameter range between 1.20 and 1.65 nm, the experimental observations showed that there was no strong preference in the distribution of helicity, while noticeable fluctuations in the occurrence of some helicities were visible as shown in Fig. 4͑a͒ . For example, the observed zigzag nanotubes are equal to that of armchair nanotubes. Ab initio calculations of the total energy of both chiral and achiral nanotubes indicate that the energy difference is smaller than 20 meV/ atom between FIG. 3 . ͑a͒ All 458 nanotube species with diameter from 0.8 to 3.0 nm. Solid circles and triangles represent metallic and seminconducting nanotubes, respectively. ͑b͒ Diameter distribution of the 124 individual SWNTs examined experimentally. A Gaussian fit of the diameter distribution was represented by the black curve, in which the peak is around 1.38 nm with a standard deviation of 0.1 nm. ͑c͒ Portion of the shaded region in ͑a͒, which has been characterized experimentally. 58 out of the 70 nanotube species were observed, among which 21 are metallic and 37 are semiconducting. 
nanotubes of different structures. This suggests that, energetically, all carbon nanotubes could be formed without strong preferences. Basing on the equal petition of energy in the formation of nuclei, we suggest that the distribution of helicity among the chiral nanotubes be uniform and occur randomly as discussed in the polyyne ring model. 26 Once the nuclei of carbon nanotubes were formed, carbon atoms or other species such as dimers and trimers were added to the open ends with the assistance of metal catalysts. Continuous addition of the various carbon species promotes the growth of carbon nanotubes.
However, detailed examination of the helicity distribution reveals that there was a slightly favored distribution of helicities in the experimental measurement. This observation is better reflected in the plot of the normalized distribution of observed nanotubes with respect to helicity, as shown in Fig.  4͑b͒ . A Gaussian peak, also shown in the figure, was observed around the helicity of 20°with a standard deviation of 4°. Actually, for the examined sample, more than 40% of the nanotubes observed are located between the helicities of 16°a nd 24°. We suggest that the favored helicity distribution of nanotubes be attributed to the different growth rates of nanotubes of different structures, though the nucleation rates of various nanotube species had a uniform distribution. The original nuclei of carbon nanotubes may be either chiral or achiral. However, the higher concentration of carbon dimers available in the carbon plasma plume makes the growth of carbon nanotubes of helicity near the armchair structure faster than other configurations as schematically illustrated in Fig. 5 , where the two newly added dimers were forming covalent bonds ͑indicated by dotted lines͒ with the alreadygrown structure. It is this kinetics factor that resulted in the uneven distribution of observed configuration of carbon nanotubes. We believe that control and manipulation of the distribution of helicity of carbon nanotubes can be exercised by tuning the concentrations of the various carbon species ͑single atoms, dimers, trimers, etc.͒ in the carbon source from which the growth of carbon nanotubes is accomplished.
V. CONCLUSIONS
Kinematical theory of electron diffraction has been developed and applied to obtain the chiral indices of single-walled carbon nanotubes. Although the diameter of a SWNT can be measured directly from the HRTEM image, the intensity dis- tribution on the equatorial layer line offers higher accuracy in the measurement. Furthermore, the chiral indices of a SWNT can be derived accurately from the intensity distribution on the principal layer lines. In total the diameter and helicity of 124 randomly isolated SWNTs belonging to 58 nanotube species have been determined unambiguously. The determined nanotube structures are mapped with respect to their diameters and helicities and compared with the theoretical mapping of 70 possible carbon nanotube species in the range of 1.20 to 1.65 nm in diameter with all possible helicities. By examining the histogram of helicities, we find that, while certain nanotubes were observed slightly more often than others, the overall feature showed a rather uniform distribution in occurrence. Basing on a nucleation-and-growth model, we suggest that the uniform distribution of helicity be originated from the weak dependence on helicity of the formation energy of carbon nanotubes, while the growth prefers slightly the structure with helicity 15°-30°for which the addition of carbon dimers would facilitate the growth of carbon nanotubes.
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